Supplementary Text
Atomic force microscopy (AFM) image of our sample Figure S1 shows a false-color AFM image of the 16-nm-thick top hBN layer and monolayer graphene after annealing at 300C for 30 min. The thermal annealing at 300C may also align the layers.
Influence of thermal cycles and charge impurities
Thermal cycles affect our device's characteristics, including carrier mobility, quantum Hall effect (QHE), and non-local transport. The Landau fan diagram (15) (16) (17) shown in Fig. 1(D) in the main text was observed after the third cooling cycle to 5 K. Figures S2(A) and (B) show the Landau fan diagrams after the first and fourth cooling cycles to 5 K, respectively. The mobility (and mean free path) was 100,000 cm 2 /Vs (0.8 m) near the Dirac point (DP), and 80,000 cm 2 /Vs (0.6 m) near the secondary Dirac point (SDP) after the first cooling cycle ( fig. S2(A) ), obtained from the Hall effect measurement with low magnetic fields (B < 0.4 T). Similarly, the mobility (and mean free path) was 240,000 cm 2 /Vs (2.2 m) near the DP and 180,000 cm 2 /Vs (1.1 m) near the SDP after the fourth cooling cycle ( fig. S2(B) ). For each measurement, the Hofstadter's butterfly patterns were clearly observed, as exemplified by Fig. 1(D) in the main text. However, the QHE of the filling factor of  = 1 could not be observed in fig. S2 (A) and fig.   S2 (B), whereas it was visible for the third cooling cycle, shown in Fig. 1(D) . Although the mobility at a low temperature was changed from 100,000 cm 2 /Vs to 250,000 cm 2 /Vs near the DP and 50,000 to 200,000 near the SDP after several thermal cycles, the overall pattern of the Landau fan diagram was maintained in every cooling cycle. However, fine structures in the Landau fan were observed to depend on the each cooling process. Figure S2 (C) and (D) show the Landau fan diagrams at 80 K and 160 K after the second cooling down, respectively. The Hofstadter's butterfly pattern and the QHE at filling factors of  = 2 and -2 near the DP were observable up to 160 K. With regard to non-local transport characteristics, the observed nonlocal resistance Rnl near the SDP was ~ 300  in the case with a carrier mobility of 50,000 cm 2 /Vs, whereas that with a carrier mobility of 180,000 cm 2 /Vs was ~ 10 k with the same gate-voltage sweeping process and the same measurement configuration at 5 K. We attribute the mobility shift to the modulation of the charge inhomogeneity that occurred after several thermal cycles, which may influence the transport property, and in particular, the Rnl value (11). In order to obtain a large Rnl and a large valley Hall effect, high-quality samples are required, and therefore we also address the influence of charge impurities on our device. Figure  S2 (E) shows the Rnl with various starting gate voltages Vg,start at the fourth cooling cycle to 5 K. Vg was first swept from 0 V to Vg, start, and then Rnl was measured from Vg, start to 0 V. The right inset in fig. S2 (E) shows that larger shifts in peak positions occurred with increasing Vg, start, whereas the peak positions approached a constant value near Vg = -21 V with decreasing Vg, start, indicating the occurrence of a charge accumulation at the interface between hBN and SiO2, as well as an increasing influence of charge impurities with a higher Vg, start. The charge impurity may cause disorder in the channel, which would increase the scattering of carriers. Therefore, as shown in the left inset in fig. S2 (E), larger Rnl for lower Vg, start was observed because of the reduced influence of charge impurity, whereas xx became smaller for lower Vg,start. Such Rnl behavior due to charge inhomogeneity is consistent with that previous reported (11). In contrast, we note that the overall pattern of the Landau fan diagram is robust with respect to initial gate voltage. Figure S3 (A) shows the magnetic field dependence of the longitudinal conductance at temperatures from 5 K to 60 K after the fourth cooling cycle. The conductance oscillation is a socalled Shuvnikov-de Haas oscillation (SdHO). Figure S3 (B) shows the SdHO amplitude, defined as G  2 2 kBT/sinh(2 2 kBTmc/ħeB), where mc = ħ (n) 1/2 /v. Fitting to this formula yields the Fermi velocity v = 1.2 10 6 m/s for n of approximately 10 11 cm 2 , which is approximately 20% larger than the graphene on top of an oxidized silicon wafer, v = 1 10 6 m/s (32). This increase in v is explained by electron-electron interactions in the low carrier density region, where n is approximately 10 11 cm 2 (33).
Experimental estimation of the Fermi velocity
Ballistic character of our device: magnetoresistance due to boundary scattering Figure 1 of the main text establishes ballistic character of our sample. Here we further substantiate its ballistic character, based on magnetoresistance due to boundary scattering. This phenomenon has not been reported in graphene on SiO2, even in a suspended case. In conventional mesoscopic 2DEG, an anomalous peak structure in the magnetotransport is wellknown to occur because of the commensurability between cyclotron motion and sample geometry (34). Figure S4 shows the magnetotransport in our ballistic hBN/graphene/hBN sample, where the mean free path can be seen to be comparable to the sample geometry, and has characteristics of peak structure due to boundary scattering in a low-magnetic field regime (35) from low temperature to moderately high temperature, e.g., T = 70 K. These results further support the ballistic character of our devices.
Temperature dependence of Rnl and scaling
In our paper, we employed a Hall bar geometry to observe Rnl. Non-local voltage is a difference in potential that occurs away from the nominal current path. There are at least two origins for non-local voltage in our sample: the mediated bulk topological valley current and diffusive transport. Concerning the former, a cubic scaling formula (Rnl  VH 2 xx 3 , where VH is the valley Hall conductance) has been proposed (36, 37) and was also confirmed experimentally (11, (38) (39) (40) . We found that although the cubic scaling holds in the high-temperature regime at the SDP ( fig. S5 (C) ), the formula fails in the low-temperature limit for the SDP at both the hole and the electron sides ( fig. S5 (B) ), where Rnl is close to the quantum-limited value. Figure S5 (A) shows the temperature dependence of the Rnl of the SDP, wherein the spiking structures in the Rnl at low temperatures can be seen to become smooth at high temperatures. Concerning the DP, we confirmed that our data are consistently described by cubic scaling (11). From the temperature dependence of the Rnl, we also estimated the activation energy derived from the Arrhenius plots, assuming that 1/Rnl  exp(A/2 kBT), where A is the activation energy, as shown in fig. S5 (D) . The experimental activation energies were estimated to be 92 meV and 40 meV at the DP and the SDP, respectively, by linear fitting in the high temperature region. The obtained activation energies are approximately three times larger than the activation energy that was obtained from the local transport ( Fig. 1(F) in the main text). However, these results are considered to be reasonable in the case that the cubic scaling (Rnl  VH 2 xx 3 ) is established in the linear fitting region (40). Regarding diffusive transport, which also leads to non-local voltage, a current injected from the source does not flow along the nominal path but is expected to spread into our sample. This phenomenon is described by (xx/)exp(-L/W), which is the formula used in our study (41), and the estimated maximum contribution is 1.5 , basically negligible in the geometry of the sample presented in this study. Finally, regarding a recent proposal that the nonlocality can be induced by Fermi surface edge states, the scenario illustrates the origin of nonlocality at the ballistic limit and the failure of cubic scaling as shown above (24). We consider that a crossover from a bulk phenomenon to an edge phenomenon occurs at the SDP. The detailed conditions for the crossover are expected to be connected to the electronic structures at the DP and SDP, such as the scale of the energy gap and mobility, which remain to be solved.
Magnetic field dependence of Rnl
Our manuscript focuses on the low-magnetic field regime of the non-local magnetoresistance, where the superlattice structure in our device plays a main role in the non-local transport. Here, to complement the main text, we show data on the high-magnetic field regime. As shown in fig.  S6 (A) (which can be compared with Fig. 1(D) showing the longitudinal conductivity in the main text), a butterfly pattern of the Rnl is observed in the high-magnetic field regime, which reflects the zero points of the longitudinal resistivity and should have a QHE origin. The TMF is also observed in the low-magnetic field regime below 0.5 T (19). Moreover, as has been reported before (28, 42) , bulk spin and heat current should also play a role in Rnl under magnetic field and broken time-reversal symmetries. Figure S6(B) shows the magnetic field dependence of the second harmonic of the excitation frequency in Rnl 2F , focusing on the SDP for simplicity. No signal is visible at 0 T, and the butterfly pattern is also observed under magnetic fields. We consider that the increase of Rnl 2F is, at least in part, due to combined thermal effects, e.g., Joule heating and Nernst effects, as discussed in (42). Furthermore, the rapid increase of the nonlocality at the DP and SDP under a magnetic field is expected to be connected to edge-state transport in the QHE regime. At the SDP, in the high-temperature regime, the cubic scaling generally holds, which implies bulk topological currents (11). In contrast, in the low-temperature regime, a simplistic scaling does not hold. (D) Arrhenius plot of Rnl of the DP and SDP. The estimated activation energy is 92 meV for the DP and 40 meV for the SDP, which are both approximately three times larger than the activation energy obtained from the local transport, Eg = 2 = 32 meV for the DP and 14 meV for the SDP.
fig. S6
. Magnetic field dependence of the Rnl. (A) Hofstadter butterfly in the non-local magnetoresistance of our graphene superlattice. Logarithmic-scale Rnl is mapped as a function of Vg and B at 1.5 K. Note that TMF is also observed in the low-magnetic field regime below 0.5 T (19). (B) Linear-scale intensity mapping of the second harmonic signal of Rnl 2F around the SDP at 1.5 K. AC excitation current is 10 nA.
